ABSTRACT ntial equations that govern light propagation in Kerr media are derived when the apectric field direction and magnitude vary along the light path. Case studies predict Kerr optic fringe patferns for the specific case of pointlplane electrodes. We apply the characirections theory of photoelasticity to understand these fringes. We also study birefrinia with small Kerr constant, in particular transformer oil. For this case we show that ions in the characteristic parameter theory is possible, resulting in simple integral res between the characteristic parameters and the applied electric field. We use these nships to extend the ac modulation method to measure the characteristic paramall Kerr constant media. Measurements of the characteristic parameters using the on method are presented for point/plane electrodes in transformer oil. The meaee reasonably well with space charge free theory for infinite extent electrodes for tical expressions are available. We finally employ the 'onion peeling' method to e axisymmetric electric field magnitude and direction from the measured characeters and compare the results to the analytically obtained electric field. 
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tric liquids. The refractiv erence between optical electric field perpendicular to the applied transin the plane perpendicular to the di- The transverse component ET (in the xg plane) of the applied electric field E for light propagating in the +z direction and the angles I I , and p where $ is the angle between the x-axis and the total electric field E and cp is the angle between the x-axis and the transverse component of the electric field ET. non-invasively determine the (tranverse) electric field direction p and magnitude ET. Measuring the electric field is necessary in the study and modeling of HV conduction and breakdown characteristics in insu-lating liquids since the conduction laws are often unknown and the electric field cannot be found from the geometry alone by solving the Poisson equation with unknown volume and surface charge distributions. Optical measurement of high electric fields offers near-perfect electrical isolation between the measured field and the measuring instrumentation, avoids interference errors and makes extensive shielding and insulation requirements unnecessary [2] .
The method is limited to transparent dielectrics. However most liquid dielectrics, in particular the most common HV transformer oil, are in this category, making the method very attractive. The liquid dielectrics which were investigated in past work using the Kerr electro-optic effect include transformer oil [3-81, highly purified water and water/ethylene glycol mixtures [9- 111 and nitrobenzene . The effect also can be used for gases (SFs) [l] and solids (polymethylmethacrylate) [15] . In this paper 'Kerr medium' refers to an electrically stressed transparent dielectric which obeys (1).
Most past experimental work has been limited to cases where the electric field magnitude and direction have been constant along the light path such as two long concentric or parallel cylinders [I, 9,121 or parallel plate electrodes [l, 101. However, to study charge injection and breakdown phenomena, very high electric fields are necessary (=lo7 V/m) and for these geometries large electric field magnitudes can be obtained only with very HV (typically >lo0 kV). Furthermore, in these geometries the breakdown and charge injection processes occur randomly in space often due to small unavoidable imperfections on otherwise smooth electrodes. The randomness of this surface makes it impossible to localize the charge injection and breakdown and the problem is complicated because the electric field direction also changes along the light path. To create large electric fields for charge injection at a known location and at reasonable voltages, a point electrode is often used in HV research where again the electric field direction changes along the light path. Hence it is of interest here to extend Kerr electro-optic measurements to cases where the electric field direction changes along the light path, with specific application for point/plane electrodes.
In this paper we present the general theory and experiments of Kerr electro-optic measurements of the electric field whose magnitude and direction changes along the light path, specifically applied to point/ plane electrodes. We first derive the governing differential equations for light propagation in Kerr media and integrate them to predict birefringence patterns for a point/plane electrode geometry with specific parameters used for nitrobenzene, a high Kerr constant dielectric. We introduce the characteristic parameters which have been used in photoelasticity [16] . We discuss how they can be measured and in particular extend the ac modulation [3, 6, 17] method to measure them for cases when the Kerr constant is small. We present experimental values of the characteristic parameters for transformer oil between point/plane electrodes. Utilizing the axisymmetry of the electric field distribution of the point/plane electrode geometry, we then use the experimental characteristic parameter values to recover the electric field using the 'onion peeling' method [18] . Finally we compare the recovered and analytical electric fields.
LIGHT PROPAGATION IN ARBITRARY KERR MEDIA

GOVERNING LIGHT PROPAGATION EQUATl 0 N S
When the direction of the electric field is not constant along the light path, (1) indicates aninhomogeneous anisotropic medium. For Kerr media An is typically very small hence the anisotropy is rather weak. For this case it is possible to obtain a reduced set of Maxwell's equations which are simple and easy to analyze. The derivation here is similar to that of Aben's [16] .
We assume that light propagates in a straight line in the +z direction. This assumption is not true for a general anisotropic inhomogeneous medium but is approximately true for Kerr media in analogy to weakly inhomogeneous isotropic media. Because of (2), reflections are negligible and we also assume that the Kerr media is lossless (no absorption). With no power loss or reflections in the system, the intensity of light does not change while propagating in typical Kerr media.
We begin with the source-free Maxwell equations for time harmonic fields in non-magnetic media which may be written in the form A n < 1
VxVxe(r') = w2pod(r') (3)
Here r' is the position vector, po = 4~x 1 0 -~ H/m is the magnetic permeability of free space, w is the angular frequency of the light, and e(?) and d(r') are the time-harmonic complex amplitude electric field and displacement fields respectively, related to the real time-dependent 
f ET(Z) in the zy plane as indicated in 1(12) into (8) yields differential equations ical electric field in the ET frame
RR EFFECT IN TERMS F PERMITTIVITY COMPONENTS
N e expressed in terms of permittivity com- ( 2 ) (16) whereE,(z) = E~( z ) c o s p ( z ) a n d E~( z ) = E T ( z ) s i n p ( z ) a r e the respective components of the applied transverse electric field.
The isotropic permittivity E of the dielectric in the absence of any applied electric field is related to EL and E,, by [21] It follows from (2) and (17) that n ( z ) in (14) and (16) 
APPROXIMATE GOVERNING EQUATIONS FOR KERR MEDIA
It follows from (2), (ll) , (17) and (18) that
Then we can assume solutions of the form j = IC, y in (8) . Here k = w m is the isotropic wave number and a3 ( z ) is a slowly varying amplitude function of z due to the weak birefringence where which modulates the isotropic solution. Substituting (21) in (8) and neglecting the second order term by virtue of (22) yields approximate equations Note that each equation in (23) is first order as opposed to second order in (8) . This is because assumptions (21) and (22) eliminate the waves traveling in the -z direction. Equation (23) may be simplified further by the transformations where 
A(z) and A'(z) are called the system matrices of (32) and (33) respectively
SOLUTIONS TO THE
G OV E RN I N G EQUATIONS
From (27) it is clear that b'(4 = SIcp(z)lb(z) (35) where S is the rotation matrix cos0 sin0 -s i n 0 cos0
Given the transverse electric field distribution ET(x) and the input polarization at some initial point X O , (32) may be integrated to find
The 2x2 complex matrix St'(z, zo) is known as the matricant of (33) [22, 23] . If the entries of A' (2) are well behaved functions, which is true for any physical electric field distribution, fl'(z,zo) always uniquely exists. The matricant will be studied in detail in the following Sections for arbitrary electric field distributions as well as for some simple special electric field distributions which allow analytical evaluation. Once 0' (z, zo) is found, it follows from (35) that the solution for (32) is
and where St(z, zo) is the matricant of (32)
as the approximate governing equations of light propagation in Kerr media. From (21), (24) and (25) notice that b, ( z ) are related to the light electric field components e3 (2) by a phase factor 2.5 SIMPLE SPECIAL CASE (30)
STUDIES
When A'(z) is constant, (33) shows that St '(z, zo) reduces to the well known matrix exponential exp(A'z). In fact, the matricant may be found as a matrix exponential even if A'(z) is not constant if the eigenvectors of A'(z) are independent of z [23] . In this Section we present analytical evaluation of 0 ' ( z , zo) for some simple electric field distributions. All these cases are in fact matrix exponentials and can be found as such although we find them by straight-forward integration.
In the remainder of this work we often use the matrix forms of (29) and (30) which are Note that if This special case is particularly useful for testing numerical algorithms to be used for the usual electric field distributions that do not allow closed form solutions and thus require numerical evaluation of (32) to (34).
= 0, then (58) reduces to (45).
PROPERTIES OF THE
MATRl CANT It will become clear in Sections 4 and 6 that the matricant O ( z , zo) can be measured and in Section 9 we will show how the electric field can be recovered from these measurements. In this Section we list important properties of the matricant which will be used in the following sections. Detailed derivations can be found in [22, 23] . All the properties are presented in the context of the matricant of (32), a(%, zo). All the properties in this Section are also valid for Cl'(%, 2 0 ) or matricants of other similar systems described by differential equations-of the form in (32) to (34).
PEANO EXPANSION AND GOVERNING DIFFERENTIAL EQUATl ON
A general formula of the matricant in terms of the system matrix is found from (32) and (38) as
ZO
which is known as the Peano expansion. Unfortunately (59) is seldom practical to evaluate the matricant. It is useful however to develop matricant properties. In particular, taking the derivative of (59) yields the governing differential equation of the matricant
dz which also directly follows from (32) and (38). Note from (59) that O(z0, zo) = I which is also clear from (38).
THE JACOB1 IDENTITY
Defining la(%, zo) 1 as the determinant of a(%, zo) and using (60) with (34) yields the Jacobi identity z 1a(z, zo)l = e x~( / ( A~( z ' )
a(z, zo) is thus nonsingular.
DIFFERENT INITIAL POINTS
For two different initial points zo and zb it follows from (60) and the evaluation of the right hand side of the identity by the product rule that where Cis a constant matrix. Equation (63) states that the matricants of a system with different initial points may only differ by a constant matrix. 
COMPLEX CONJUGATE SYSTEM
If A is replaced by [A(z)] *, the matricant of this new system, say -n(x, zo), follows from (59) as
Hence if the system matrix is replaced by its complex-conjugate, the matricant of the new system is also replaced by its complex-conjugate.
3.7 M U LT I P L I CAT1 V E DER I VAT IV E Equation (59) gives n ( z , zo) in terms of A(z). The relation that 
Since (72) 
GENERAL FORM FOR THE MATRICANT
From (74) 
By direct substitution it is easily shown that (76) satisfies (73) hence is a general form for unitary matrices.
From the Jacobi identity (61) follows that the a ( z , ZO) determinant must be unity. Consequently ~( z , zo) = 0 in (76) and O ( z , zo) can be written in terms of three independent parameters 
Q -( X , 20:
Comparing the terms in tana
It is important to note does come into play = 0 because of the transformation (31). It electric field e, as a common phase however does not affect optical
MATRICES
= cosy cos a-= sin y cos Q+ = cosy sin CL = sin y sin a+
Equation (77) is a gene a1 form of a unitary matrix with unit determinant and follows direct y from (74) and (75). A less obvious general form is a combination oft o rotators and a retarder Here S and G are rotator and retarder matrices that are given in (36) and (42). To prove that 0 z , zo) may be written as such, the entries of the matricant in (77) are w itten in rectangular form and equated to (78) whose explicit form may I-e found by direct multiplication
Since (80) 
We call a Kerr medium symmetric if the transverse component of the applied electric field distribution has a plane of symmetry that is perpendicular to the propagation direction of light. Without loss of generality let this plane be z = 0. Then by (64) with zh = 0 and zo = -z (83) Since the medium is symmetric, the matricant a(0, -z) for the light that travels from -z to 0 in the +z direction is equivalent to the matricant for the light that travels from z to 0 in the -z direction. For light propagation in the -z direction, (32) must be replaced by
(84) which can be seen from ?<e derivation of (32). Strictly speaking b(z) in (84) is not identical to b(z) in (31); k must be replaced by -k. This however is not a problem for our purposes since we only measure intensity and common phases of the components of b ( 2 ) are irrelevant. Then -if the matricant of the light propagation in -2 direction is denoted by a(z, ZO) , it follows from (65), (68) and (73) that for two points z1 and 2 2 in Kerr media Using (85) for symmetric media we get for z1 = 0 and 2 2 = z
Substituting (86) in (83) yields (87) It follows that for symmetric media, the matricant between two points that are symmetric with respect to the plane of symmetry is symmetric. Important examples of symmetric media are media with axisymmetric electric field distributions and media with constant magnitude and direction electric field distributions.
The symmetry of the matricant for symmetric media (with z = 0 as the symmetry plane) together with (78) imply that for symmetric media ao(z, -z ) = a ! f ( z , -z) and only two independent parameters are needed to express the matricant. We denote this characteristic angle of the symmetric media by a, ( z ) 
PARAMETERS FOR ELECTRIC
If the applied electric field direction is constant it follows from (44) Equations (96) to (98) together with the initial conditions in (99) may be directly integrated to yield the characteristic parameters. Note however that at z = zo (97) has an indefinite form. At z = zo (97) may be evaluated using the L'Hopital rule, so that (96) and (98) give (81) into (69), lengthy but straightforward algebra results in
Unfortunately, it appears from (102) and (103) that it is not possible to express the characteristic parameters directly in terms of the applied elec- 
which can be solved to yield
dy(z'
The values of y(z, zo), a f ( z , zo) and a~( z , 2 0 ) at x = zo can be Equations (108) and (109) 
Comparing Equations (118) and (79) (y<l) yields (105), (108) and (109). Also the limiting case of (117) is identical to (104).
POLARISCOPE SYSTEMS FOR MEASUREMENT OF THE CHARACTER I STI C PARAMETERS
When y is not small (the small y case will be studied in Section 8), various optical polariscope systems can be used directly to determine characteristic parameters. Here we discuss the so called direct methods because they do not involve measuring the azimuth and/or the ellipticity of the optical ellipse [25] . These optical polariscope systems employ polarizers, quarter wave plates and half wave plates. Jones calculus can be employed to find input-output intensity relations [26] . These relations are in terms of the characteristic parameters and the orientation of the optical elements. Measurements of the output intensity together with the orientations enable the determination of the characteristic parameters. The Jones formalism can be used conveniently for the propagation of polarized light through polarizers, birefringent elements and rotators. Since Kerr media essentially are equivalent to two rotators and a retarder, it fits nicely to the formalism. In Jones calculus, optical elements are represented by two by two complex 'Jones' matrices. The light, which is assumed to be propagating along the fz-direction, is represented by a two dimensional complex vector whose entries are the II: and y components. The propagation of light through an optical system is then equivalent to multiplication of the optical vector with a series of Jones matrices. Since we are interested only in the final intensity, the common phase factors that the light vector components may have (for
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example the phase factor introduced by propagation in free space) is irrelevant. For that matter a distinction between the electric field of the optical vector e, and the normalized electric field vector of Kerr media b, is not necessary The Jones matrix for Kerr media is the matricant between zin and zout, where z,, and zout are the entrance and the emergence points of light in and out of the Kerr media. In this section we use U, to denote the Jones matrix of Kerr media, instead of the usual n(~,,, z,,t),
to stress the functional dependence of U, on the three characteristic parameters: the primary characteristic angle ao, the secondary characteristic angle af, and the characteristic phase retardation y
Here S and G are the Jones matrices for the rotator and retarder respectively defined in (36) and (42). Three basic optical elements are employed in polariscope systems: perfect polarizer, quarter-wave plate and half-wave plate. A perfect polarizer linearly polarizes the light along its transmission axis while a quarter wave plate and half wave plate respectively introduce a and 7r phase difference between light components polarized along their fast and slow axes. The Jones matrices for a perfect polarizer, quarter wave plate and half wave plate respectively are
(122) Rotating the analyzer and polarizer with equal speed in the opposite direction may be difficult to perform experimentally. This procedure may be avoided by introducing a half-wave plate between the first polarizer and the medium [16] . The half wave plate slow axis is set to coincide with the bisector of the characteristic directions. With CP the Both this system and the previous one have the added advantage that for small y the intensity relation depends only linearly on y, while that of (133) and (134) depend on y2.
IEEE Transactions on bielectrics and Electrical Insulation
I O Optical intensity extrema occur when 8, = a0 ~ 2 + k7r
MEASUREMENT OF y
A linear polariscope with a quarter wave plate is also used to measure y. The method is known as the Reversed Tamry method [27] . In this method the analyzer is set to 7r/4 radian to af found in (148) and the quarter wave plate is placed before the Kerr media and set to 7r/4 radian to a~. The Jones matrix is
Using (130) and (152) we obtain
Then when the intensity is maximum the polarizer angle yields y
CIRCULAR POLARISCOPE
When two quarter wave plates are placed before and after the Kerr medium but between a polarizer and an analyzer the system is known as a circular polariscope. In the typical arrangement the polarizer and analyzer angles are set to make an angle of 7r/4 with the slow axis of the quarter wave plates before and after the medium respectively. The Jones matrix is A circular polariscope is very useful for finding the characteristic phase retardation if absolute intensity measurements or optical fringe patterns are available. Assuming the secondary characteristic direction is known, it can also be used to measure y with the orientation of the analyzer. In this arrangement, known as the Tardy method [27] , the angle between the polarizer and the first quarter wave plate is set to 7r/4 and the angle between the second quarter wave plate and the secondary characteristic direction is set to -7r/4. The Jones matrix of the system is 
Point/plane electrodes are often used in HV research to obtain very large electric fields with relatively low applied voltages. To obtain an analytical solution, the point electrode is typically approximated by a hyperboloid of revolution [28] . The Laplace's equation is then easily solved in the prolate spheroidal coordinate system [29] for which both the point and the plane electrodes are coordinate surfaces. The electric field distribution is given as [3] 
where and a and C are
VO is the voltage applied to the point and II: = a is the location of the hyperboloid focal point. With the electric field given in (164) and (165), a given initial input light polarization (32) may be numerically integrated to yield the output polarization and consequently the light output intensity for various optical polariscope systems. In Figure 5 we show computer generated optical patterns for a point/plane geometry with d = 1 mm, R, = 40 pm, VO = 15 kV and with dielectric nitrobenzene with Kerr constant B M 3~1 0 -~~m / V~. Figure 5 shows the computed optical fringe patterns in the vicinity of the tip when there is no space charge. Linear polariscopes with crossed polarizers with light transmission axes at -45" and 45" with respect to the point axis and with aligned polarizers with light transmission axes at 45", and circular polariscopes with crossed and aligned polarizers (slow axes of the quarter wave plates are in the same direction) are employed for the patterns.
To explore the effects of space charge with the same point/plane electrode geometry parameters, we also postulate a step-wise uniform space charge distribution as a strip of revolution on the needle axis with a constant charge density of 5 C/m3 over a radius of 90 pm from needle to ground plane. For this case the electric field distribution is found using the finite element computer package 'MaxwelYTM from Ansoft Corp. With the same polariscope systems we show the fringe patterns in Figure to the applied electric field by (108) and (109). To measure ac and dc components of the electric field, the system in (146) 
ET, Ed,, and E,, are amplitudes and without loss of generality are taken to be positive. Substituting (170) and (171) into (108) and (109) given by E,, and ( respectively Expanding (178) and using (108) and (109), we obtain 7;
Using (179), light intensity measurements determine yuc and a,, which can be used to determine Euc(z) and ((2) using the onion peeling method of Section 9 if the electric field distribution is axisymmetric. If the period T = (27r) / w is much shorter than the transport time for ions to migrate significant distances over the course of a sinusoidal angle, the ac charge density is essentially zero and E,&) and c ( z ) can be described by solutions to Laplace's equation.
On the other hand Iw/Idc may be used to find the characteristic parameters, yhy and ahy, of a hybrid electric field distribution whose transverse component's magnitude and direction are given as
respectively. Now expanding (177) and again using (108) and (109) 
Using (184), optical intensity measurements determine yhy and ahy, Once Ea,(z) and ((2) are obtained from (179) to (181) and the onion peeling method of Section 9 (again if the electric field distribution is axisymmetric), Edc(z) and q(z) can be similarly found from measurements of yhy and ahy with the onion peeling method and (182) to (186).
The onion peeling method may be used for the recovery of the axisymmetric electric field magnitude and angle as a function of T from measurement of the characteristic parameters. Here, the angle of the electric field + refers to the angle between the electric field and the axisymmetry axis 2 in this paper (see Figure 1) . The method has been used in photoelasticity and developed for Kerr effect measurements by Aben [18] . However, the results presented in our work have a much simpler form.
Future work will try to extend the onion peeling method for nonaxisymmetric electric field distributions. In the current paper our reconstruction algorithm and experiments are limited to axisymmetric electric field distributions.
TWO LAYER CASE STUDY
We illustrate the method on a cylindrical two layer geometry shown in Figure 8 . Outside the two layers the electric field vanishes. Within each layer the electric field magnitude and angle are assumed to be constants with 1 and 2 referring to the outer and inner layers respectively. The magnitude and angle of the electric field in layer 1 and layer 2 are denoted by El, $1, E2 and $9, respectively These unknowns are to be found from the experimental data of cq, ~1 , 0 1 2 and yz. The characteristic parameters that are obtained from two light beams are shown in Figure 8 . The rays are z directed and parallel to the s z plane with ray 1 passing through the midpoint o of the second layer and ray 2 passing through both layers and the midpoint 0' of the first layer. For this geometry any slice (z=constant) can be used. For an arbitrary geometry the method independently recovers electric field magnitude and angle on each slice perpendicular to the axisymmetry axis.
The onion peeling method recovers the electric field magnitude and angle from the characteristic parameters by comparing the experimental matricant to an approximate matricant that is obtained in terms of the constant electric field magnitude and angle of the layers. For the two light rays in Figure 8 (188) Even though El and $I are assumed to be constant along the path, E T ( z ) and p(z) are still functions of z. Further approximation is necessary to develop an approximate matricant in terms of El and $, , We assume that E T ( x ) and p(z) are constants along the ray within each layer and approximately equal to their values at the middle of the path (points 0, 0' and 0''). That is for the first ray inside the first layer
where we use the double subscripts to indicate the ray and the layer respectively Since ET and 'p are constants, the matricant follows as The matricant for a(s, w) within region 1 near the optical entrance follows from the properties of symmetric media (Equation (85)) as where the second equality follows from the symmetry of the matricant within the thin annulus assumed to have constant electric field magnitude and direction. Hence the approximate matricant for the second ray follows as 
Since E1 and g1 are already found, (210) can be used to recover E 2 and This concludes the recovery of El, E2, $1, $2 from cq, 71, a2 and y2.
where = E; (cos2$1 + sin2$1cos20) 9 2 1 = arctan(tan $1 cos 0)
GENERALIZATION TO AN ARBITRARY NUMBER OF LAYERS
The method is easily generalized to arbitrary axisymmetric electric field distributions. The distribution is first discretized into slices in the yz plane at constant values of I(: and each slice is radially discretized into the n layer system shown in Figure 9 . There are 2n unknowns (Ei, $,, i = 1 , 2 , . . .n) and 2n measured values (ai, yi, i = 1 , 2 , . . . n) for each slice. Like the two layer example geometry the method begins with the outermost layer. In the i-th step E and ?i , of all the (1 to i -1) outer layers are known and E, and $i are found from (30 mm) that fit in our experimental setup. The relatively large radius of curvature is chosen to get a large width (20 mm at the top) so that the effect of the finite size of the point electrode on (164) and (165) is minimized. The large radius of curvature also allowed us to build the Figure 9 . An n-layer discretization of a general axisymmetric electric field distribution to be used with the onion peeling method.
EXPERIMENTAL RESULTS
EXPERIMENTAL SETUP
Our experimental setup is illustrated in Figure 10 . The optical system is a linear polariscope with a quarter wave plate which is discussed in Section 6.2. The point/plane electrodes are in the main chamber which is filled with Shell Diala-A transformer oil. We used a custom built point electrode designed to be an approximate hyperboloid of revolution with 0.55 mm radius of curvature and 5 mm tip-plane distance so that (164) and (165) approximately give the space charge free electric field distribution of the geometry Since (164) and (165) are only true for infinite point and plane electrodes we used the longest possible point electrode point electrode tip with smaller error margin. The ground plane was approximately a 30 xl00 mm rectangular plate. This was a relatively small and non-axisymmetric ground plane but since the tip-plane distance was 5 mm, we expect deviations from an infinite ground plane to be small.
The HeNe laser outputs light with 632.8 nm wavelength. The position of the laser (and accordingly the light beam) is computer controlled. A first polarizer is used to attenuate the light intensity when the diode detector is saturated. The second polarizer, the analyzer and the quarterwave plate are parts of the polariscope system. The attenuating polarizer and the analyzer are rotated with computer controlled stepper motors where each step corresponds to 0.1" . The lens is used to focus the output light onto the detector, independent of the position of the light beam.
The voltage applied to the point electrode is generated by a signal generator and amplified by a HV amplifier that has both dc and ac components. The maximum total voltage of dc and ac peak voltage is 20 kY The intensity of the modulated optical output is converted into electrical signals by the diode detector. The dc, single frequency and double frequency components of this signal are then measured by the lock-in amplifier and read by the computer.
KERR CONSTANT MEASUREMENTS
Due to the finite extent of the electrodes and some uncertainty in the exact point radius of curvature we used parallel plate electrodes to measure the Kerr constant more accurately This setup replaced the point electrode by a plane electrode identical to the ground plane to formparallel plate electrodes. Although the Kerr constant can be measured from a single measurement, for greater precison we use a set of measurements with varying applied ac and dc voltages. This set of measurements, besides giving a more accurate Kerr constant, also serves as experimental verification of the quadratic dependence of birefringence on the applied electric field magnitude for the transformer oil and indicates that any birefringence in the windows of the test chamber were small. The experimental results, together with the linear and quadratic fitting curves, are shown in Figures 11 and 12 .
We neglect space charge and end effects for the parallel plate electrodes of length 1 = 10.15 cm and spacing d = 4.4 mm, hence the applied electric field is given in terms of the applied ac and dc voltages as tude values in (172) by fi in all plots in this paper.
MEASUREMENTS OF CHARACTERISTIC PARAMETERS
We employ (179) and (184) to measure the characteristic parameters for point/plane electrodes. In principle the characteristic angles and ahy can be found by rotating the analyzer. When Iz, or I, vanish the analyzer angles coincide with aaC and ahy respectively. Once aac and ahy are found, the analyzer is rotated 45". At these angles IzW / I d c
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and I,/Idc are equal to Y , , and 7 h y respectively, In practice IzW and I, often do not vanish but rather take a minimum value which we use as the criterion to find the characteristic angles. We believe small nonidealities and imperfections in polarizers and quarter-wave plates and small photoelastic birefringence in the glass windows on the chamber are the main reasons why lzU and I, do not vanish completely.
The parameters aac and yac can also be analytically found from (180) and (181) assuming that the electric field is sufficiently approximated by (164) and (165) which are valid under space charge free conditions. To evaluate the integrals we write (180) and (181) should be Gaussian weighted but we use uniform averaging because there is little difference between Gaussian and uniform weighting for our system. Our numerical experiments show that averaging negligibly modifies the characteristic parameters everywhere except near the point electrode when the beam is partially blocked by the electrode.
Figures 13 and 14 show our ac characteristic parameter measurements on lines with constant z and with constant y respectively, where z is along the point axis as shown in Figure 4 and y is shown in Figure 9 to be transverse to the direction of light propagation. In Figure 13 we show analytical results for the case with and without beam averaging. In Figure 14 the results with averaging were not shown because there were only slight differences. 
RESULTS OF THE ONION PEELING METHOD
We use the onion peeling method to recover the ac electric field from the data presented in Figure 14 . Our numerical experiments show that a direct use of the onion peeling method with raw data is rather unstable because the recovered electric field is not very smooth and may even diverge near the origin (y = 0). Thus we smooth the data before using the onion peeling method. For the characteristic angle data (Figure 14 (upper)) we first use an exponential fit for the points near y = 0 to account for the rapid change. Once the data near y = 0 is adequately represented by an exponential, we subtract this exponential from all data points and fit the result with a fourth order polynomial. The polynomial and exponential together give the smooth curve from which we sample data points to use with the onion peeling method. For characteristic phase retardation data (Figure 14 (lower)) we use a discrete low pass filter. This eliminates the arbitrariness of fitting functions we used with characteristic angle data (use of the exponential and fourth order polynomial) but is only a good procedure because these data are rather smooth and flat (zero slope) near ?J = 0 for most measurements. The exception is the noisy behavior in the 12, data at 5 = 4.445 mm which we also smooth by low pass filtering. and V& = 9.86 kV. The Iz, light intensity measurements were normalized to the I, measurements by multiplying IzW by 4Vdc/Vac (see (177) and (178)).
position for which I d c in (176) is completely extinguished due to blocking by the ground plane. The horizontal origin (y = 0) is determined as the point for which aac = 7r and I,, is symmetric with respect to position y, We believe that the horizontal positioning is fairly accurate however expect a possible error of 60.3 mm in the vertical positions for a light beam with diameter of -1 mm. The other major source of error could be the overall alignment of the system. Note that the light travels -25 cm in the Kerr cell and even a small alignment problem of ~0 . 1 "~ such as a tilted support for the laser, may cause an uncertainty of 0.5 mm in the position, The finite size of the electrodes and small uncertainties in tip-plane distance and the radius of the curvature of the point electrode also contribute to possible discrepancies.
Other than positioning, the other major problem we faced was the stability of the measurements. We needed to filter the oil extensively and vacuum dry the test chamber to remove particles, moisture and bubbles in order to get reliable data. Even then there were considerable fluctuations in the measurements and we needed to set the measurement time constant of the lock-in amplifier to -10 s. Due to these fluctuations and the computer controlled mechanical rotations of the analyzing polarizer during the search for the characteristic angle, each point measurement took -40 min. We believe that such other factors as electrohydrodynamic motion and temperature gradients cause some light refraction and fluid electro-convection effects that contribute to the fluctuations in the measurements. In future work we hope to minimize the effects of temperature gradients with a better temperature controller system and to develop a model to account for electrohydrodynamic motion. Within the sensitivity of our measurements it is rather difficult to make quantitative conclusions about the space charge at this time. Figure 15 shows that the characteristic parameter measurements from Izu are very close to those from I, hence we do not believe that there were significant space charge effects. There were however larger differences for the measurements shown in Figure 16 . This may be due to experimental error or may in fact indicate a space charge injection. The electric field constructions from the data in Figure 19 shows a decrease of electric field magnitude near the needle and increase near the ground plane which is consistent with positive charge injection from the needle.
For the onion peeling method we found that small differences in experimental data can have a large effect on the reconstructed electric field. Although our data smoothing technique enabled us to use the method successfully, more research is needed to characterize the impact of experimental noise on the method. The crude assumption that the electric field is zero outside the measurement zone also introduced some error into the inversion process. Our application of the onion peeling method to numerically generated perfect data shows that the method accurately recovers the applied electric field everywhere except in the start-up region, typically -2 mm inside the outermost data point for numerical experiments based on the setup described in Section 10.4. This justified the method as it is and it is expected that in the new design of the experimental setup the windows will be larger so that this problem will be less significant. Nevertheless we are examining the possible use of a postulated electric field outside the measurement zone which will either depend on the last few data points or large distance limit of the elec- tric field distribution of the geometry We are also improving the onion peeling method by using smooth and continuous polynomial approximations to the electric field rather than the step-wise approximations used in this paper.
We are hopeful that by employing an expanded beam and using a two dimensional measurement system like a camera or a two dimensional optical detector array, most problems due to positioning, mechanical elements and finite size of the beam will be avoided. Research is underway to increase the robustness of the onion peeling method and to derive a generalization of the inverse Abel transform [30] . We believe that with these improvements the optical measurement of the electric field distribution of point/plane and other axisymmetric electrode geometries will become a powerful tool for dielectric research. Future research will also try to extend the method to arbitrary three dimensional electric field distributions.
field on the whole y measurement range for z = 4.445 mm.
CONCLUSIONS
OST past Kerr electro-optic measurements have been limited to cases where the electric field magnitude and direction have been constant along the optical path. In this paper we presented the theory of Kerr electro-optic measurements for cases where the electric field magnitude and direction vary along the path. The governing differential equations of light propagation in arbitrary Kerr media were derived from Maxwell's equations using the weak birefringence of Kerr media.
An analysis of the governing equations showed that arbitrary Kerr media can be described by three characteristic parameters (CQ, c i f , y). 
